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Abstract
In this paper we present a construction of effective cosmological models which describe the prop-
agation of a massive quantum scalar field on a quantum anisotropic cosmological spacetime. Each
obtained effective model is represented by a rainbow metric in which particles of distinct momenta
propagate on different classical geometries. Our analysis shows that upon certain assumptions and
conditions on the parameters determining such anisotropic models, we surprisingly obtain a unique
deformation parameter β in the modified dispersion relation of the modes. Hence inducing an
isotropic deformation despite the general starting considerations. We then ensure the recovery of
the dispersion relation realized in the isotropic case, studied in [1], when some proper symmetry
constraints are imposed, and we estimate the value of the deformation parameter for this case in
loop quantum cosmology context.
How to recover classical spacetime from a fundamentally quantum description of geometry is a long-
standing question in quantum gravity. A promising idea is that classical gravity could be a collective
phenomenon emerging from quantum degrees of freedom [2, 3], not unlike fluid dynamics emerges from
microscopic molecular interactions. Taking a pragmatic point of view, we note that what an observer
really measures is matter, not geometry: through matter propagation, she infers the geometry. Thus,
given a certain dynamics for the matter content, every geometry which is consistent with such dynamics
is equally good. In light of this fact, in [4] the authors derived the dynamics of a quantum scalar field
(the matter) propagating on a quantum cosmological spacetime (the geometry), and looked for classical
spacetimes which would produce the same dynamics for such a scalar field. It turns out that a possible
effective spacetime exists, whose metric is given by certain expectation values of geometric operators
on the quantum state of geometry (for this reason, it was called “dressed metric”). This fact – i.e.,
the possibility of giving an equivalent description of QFT on quantum spacetime in terms of QFT on
a classical spacetime – simplifed the treatment of quantum spacetime in several scenarios, such as pre-
inflationary cosmological perturbations [5], particle creation in primordial cosmology [6] and Hawking
radiation from quantum spherical black holes [7].
From a purely theoretical perspective, however, we must point out that the effective spacetime proposed
in [4] is not unique, unless the scalar field is free and massless. In particular, in [1] we focused on the
massive free scalar field case, finding an alternative dressed metric for the same underlying quantum
system. The peculiarity of this result lies in the fact that such metric depends on the energy of the
field quanta under consideration (despite having explicitly made use of the test-field approximation [8],
in which one disregards the backreaction of matter on geometry), which in turn leads to an apparent
Lorentz-symmetry violation. This was confirmed in [9], where the authors studied the dispersion relation
for the scalar field on such a quantum spacetime.
The conclusion is that particles of different energy probe “different classical aspects” of the same quantum
state of geometry. Although the fundamental quantum system may be Lorentz-invariant, an observer
measuring the propagation of particles could equally well give a description in terms of a QFT on an
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energy-dependent metric (known in the literature as “rainbow metric” [10, 11]). But this is by no means
surprising, in light of the emergent spacetime concept. Indeed, Lorentz-violating effects are common in
condensed matter physics, e.g., in the propagation of light through crystals.
While very compelling, this result remains nevertheless limited to the case in which the quantum geometry
is homogeneous and isotropic. As such, it is perhaps not surprising to find out that the modification
to the dispersion relation is minimal, amounting to a redefinition of the speed of light by a parameter
of quantum gravity origin which can only depend on time. It has in fact been argued that, to see
more interesting (and potentially measurable) deviations, one needs to take into account more degrees of
freedom for the quantum geometry. This is the purpose of a long-term project: we will take a bottom-up
approach in generalizing the concept of energy-dependent dressed metric, starting in the current work
by lifting the isotropy requirement. Specifically, in this paper we apply the same construction of [1] to
the Bianchi I case. As we will see, the deformation of the dispersion relation is again described by a
single parameter (i.e, it is an isotropic deformation like in the FLRW case), but such parameter depends
non-trivally on the quantum anisotropies. This is nevertheless consistent with the isotropic case studied
in [1] when the symmetry reduction is realized.
The structure of the paper is the following. In Section 1, we review the Hamiltonian formulation of the
classical theory, emphasizing the canonical coordinates to be quantized and the choice of time (which
is necessary in order to obtain a true physical dynamics). In Section 2, the quantization of the theory
is performed (note that, for all intents and purposes, this step is completely general: in no way we are
limiting ourselves to a specific theory of quantum gravity), and a system of equations is found, whose
solutions correspond to compatible dressed metrics. Section 3 is dedicated to the analysis of dispersion
relations: following [9], we observe that it is not necessary to know the complete dressed metric solution
in order to extract the exact dispersion relation for the scalar field (in fact, only the low-energy limit is
required). This intuition allows us to find the explicit form of the Lorentz-deformed dispersion relation
in the Bianchi case which – as already said – turns out to be controlled by a unique parameter. We also
notice that this parameter is compatible with the FLRW case. In Section 4, we estimate the deformation
parameter for a semiclassical state of geometry in isotropic loop quantum cosmology, finding that it is
proportional to the square of the spread, and hence extremely small for peaked states which puts it well
within the experimental bounds discussed in [9]. Finally, in Section 5 we summarize the results and
comment on future developments.
1 Classical construction
The system we want to study is a test massive scalar field (denoted by φ) propagating on a class
of anisotropic spacetimes of the Bianchi I type. We also include a homogeneous massless scalar field
Φ as the source, which will play the role of relational time. The action of the model is therefore
S = SG[g] + SΦ[Φ, g] + SM [φ, g], where SG is Einstein-Hilbert action and
SΦ[Φ, g] =
∫
d4x LΦ = −1
2
∫
d4x
√−ggµν∂µΦ∂νΦ (1)
SM [φ, g] =
∫
d4x LM = −1
2
∫
d4x
√−g (gµν∂µφ∂νφ+m2φ2) (2)
The metric for Bianchi I class of spacetimes is
ds2 = gµνdx
µdxν = −N2dT 2 +
3∑
i=1
a2i (t)(dx
i)2 (3)
where N is the lapse function corresponding to the time coordinate T and ai are the scale factors along
the three spatial directions. Plugging this metric in SΦ and SM , and using homogeneity of Φ, one finds
the simplified versions
SΦ =
1
2
∫
dT
a1a2a3
N
Φ˙2, SM = −1
2
∫
dTd3x Na1a2a3
(
− φ˙
2
N2
+
∑
i
(∂iφ)
2
a2i
+m2φ2
)
(4)
2
where the dot represents derivative with respect to T . In order to obtain the Hamiltonian, we perform
a Legendre transform. First, identify the momentum pi conjugated to φ:
pi :=
δSM
δφ˙
=
a1a2a3
N
φ˙ (5)
The Hamiltonian for φ is then given in terms of the Lagrangian LM by
HM =
∫
d3x
(
piφ˙− LM
)
=
1
2
N
a1a2a3
∫
d3x
(
pi2 + (a1a2a3)
2
(∑
i
(∂iφ)
2
a2i
+m2φ2
))
=
1
2
N√
p1p2p3
∫
d3x
(
pi2 +
∑
i
(pi∂iφ)
2 + p1p2p3 m
2φ2
)
(6)
where in the last step we defined p1 := a2a3 and p2 and p3 cyclically. By performing a Fourier expansion
of φ and pi we can finally obtain an expression in terms of wave vectors ~k (taking values in a 3-dimensional
lattice if we assume the space topology to be that of a torus):
HM =
∑
~k
H~k =
1
2
N√
p1p2p3
∑
~k
[
pi2~k +
(∑
i
(piki)
2 + p1p2p3 m
2
)
φ2~k
]
(7)
This expression is valid for every choice of time coordinate T . A particularly interesting choice is given
in terms of the homogeneous field Φ, because in this case the time coordinate acquires physical meaning.
Since for such a scalar field the momentum is
Π :=
δSΦ
δΦ˙
=
√
p1p2p3
N
Φ˙ (8)
the Hamiltonian for Φ is HΦ =
∫
dT NΠ2/
√
p1p2p3, contributing to the scalar constraint:
1
C[N ] =
1
2
∫
d3x
N√
p1p2p3
Π2 + CG[N ] (9)
where CG[N ] =
∫
d3x NCG is the gravitational part of the scalar constraint. This constraint is linear in
Π if we choose N =
√
p1p2p3/Π, and equation C[N ] = 0 can then be solved for Π:
Π =
√
−2√p1p2p3CG (10)
This means that the specific choice of foliation identified by the lapse function
N =
√
p1p2p3
Π
(11)
corresponds to the choice of Φ as time coordinate. The Φ-evolution of every phase space function F
(that is, function of the gravitational degrees of freedom, pi, and their momenta) is then given by
dF
dΦ
= {F,Π} = {F,
√
−2√p1p2p3CG} (12)
so Π has the meaning of physical Hamiltonian for the background spacetime. We denote it by Ho to
distinguish it from the matter Hamiltonian HM , which for the choice (11) becomes
HM =
1
2Π
∑
~k
[
pi2~k +
(∑
i
(piki)
2 + p1p2p3 m
2
)
φ2~k
]
(13)
and defines the Φ-evolution of the test field φ.
1 While φ is a test field, Φ is the source of the geometry, and hence plays a role in defining the evolution of pi.
3
2 Quantization and effective models
2.1 Dressed metric
The quantization of the system “gravity plus matter” is easily performed. Let HG and HM be the Hilbert
spaces of gravitational and matter degrees of freedom respectively.2 The full Hamiltonian of the system
is implemented on HG ⊗HM as an operator formally given by
Hˆ = Hˆo + HˆM = Hˆo +
1
2
∑
~k
[
Ĥ−1o ⊗ pˆi2~k +
(∑
i
(Ĥ−1o p2i k
2
i +
̂H−1o p1p2p3 m2
)
⊗ φˆ2~k
]
(14)
where Hˆo does not depend on matter operators φˆ~k, pˆi~k, and is considered the “unperturbed Hamiltonian”
of the system. Hˆ defines the dynamics of any state Ψ ∈ HG ⊗HM via the Schroedinger equation
i
d
dΦ
Ψ(Φ) = HˆΨ(Φ) (15)
In the spirit of test-field approximation, at zeroth order the state has the form of a simple tensor product:
Ψ(Φ) = Ψo(Φ)⊗ ϕ(Φ) (16)
where Ψo ∈ HG and ϕ ∈ HM . Moreover, since the gravitational part is the background, its evolution is
determined by Ho alone, which at the quantum level means that
i
d
dΦ
Ψo(Φ) = HˆoΨo(Φ) (17)
In light of these observations, we can trace over the gravitational degrees of freedom in (15), and are left
with the following Schroedinger equation for matter only:
i
d
dΦ
ϕ(Φ) =
1
2
∑
~k
[
〈Ĥ−1o 〉pˆi2~k +
(∑
i
〈Ĥ−1o p2i 〉k2i + 〈 ̂H−1o p1p2p3〉m2
)
φˆ2~k
]
ϕ(Φ) (18)
where expectation values of gravitational operators are taken on state Ψo(Φ) ∈ HG.
The important observation is that a similar equation describes the dynamics of a scalar field φ on a curved
(but classical) spacetime of the Bianchi I type. Indeed, looking back at the Hamiltonian in equation (7),
we see that a quantization of the matter degrees of freedom (keeping the geometry classical) leads to the
following Schroedinger equation:
i
d
dT
ϕ(T ) =
1
2
∑
~k
N√
p1p2p3
[
pˆi2~k +
(∑
i
(piki)
2 + p1p2p3 m
2
)
φˆ2~k
]
ϕ(T ) (19)
By identifying T with Φ, and hence the rhs’s of (18) and (19), we find the following two algebraic
equations
N√
p1p2p3
= 〈Ĥ−1o 〉 (20)
and
N√
p1p2p3
(∑
i
(piki)
2 + p1p2p3 m
2
)
=
∑
i
〈Ĥ−1o p2i 〉k2i + 〈 ̂H−1o p1p2p3〉m2 (21)
The first one may be immediately solved for N , which can be replaced in the second one, leading to a
unique equation3 for the three unknown pi:∑
i
p2i k
2
i + p1p2p3 m
2 − γ(~k) = 0 (24)
2 From now on we will call “matter” the test field φ only, since the field Φ is not a dynamical variable (though it features
as time variable), having dropped from the system when we solved the scalar constraint at the classical level.
3 Notice that there is the possibility of considering, instead of equation (24), a system of three equations:
∀i = 1, 2, 3 : p2i k2i +
p1p2p3
3
m2 − γi(ki) = 0 (22)
4
where
γ(~k) :=
∑
i
〈Ĥ−1o p2i 〉
〈Ĥ−1o 〉
k2i +
〈 ̂H−1o p1p2p3〉
〈Ĥ−1o 〉
m2 (25)
Any solution {pi(~k)} to this equation defines a Bianchi I metric which we call “effective” or “dressed”
metric, because it has the interpretation of the metric seen by a quantum mode ~k: the dynamics of this
mode on such a classical spacetime is equivalent to that of the same mode on the quantum spacetime
described by Ψo.
2.2 Alternative method: dressing the mass
It should be mentioned that solving equation (24) is not the only way to find a dressed metric compatible
with the underlying quantum system. Indeed, there exists an alternative model based on [5], in which
one introduces a renormalized mass for the effective scalar field. Consider the quantum dynamics of a
scalar field φ of mass M 6= m on a classical Bianchi I spacetime:
i
d
dT
ϕ(T ) =
1
2
∑
~k
N√
p1p2p3
[
pˆi2~k +
(∑
i
(piki)
2 + p1p2p3 M
2
)
φˆ2~k
]
ϕ(T ) (26)
Comparison with (18) under the identification of T with Φ leads to five equations
N√
p1p2p3
= 〈Ĥ−1o 〉, N√
p1p2p3
p2i = 〈Ĥ−1o p2i 〉, N
√
p1p2p3M
2 = 〈 ̂H−1o p1p2p3〉m2 (27)
whose unique solution is
N =
4
√
〈Ĥ−1o 〉〈Ĥ−1o p21〉〈Ĥ−1o p22〉〈Ĥ−1o p23〉, pi =
√√√√ 〈Ĥ−1o p2i 〉
〈Ĥ−1o 〉
M2 = m2
√√√√ 〈Ĥ−1o 〉〈 ̂H−1o p1p2p3〉2
〈Ĥ−1o p21〉〈Ĥ−1o p22〉〈Ĥ−1o p23〉
(28)
In this case the effective metric is therefore the same for all modes, but the effective mass M becomes
state-dependent, and hence Φ-dependent. It is interesting to note that the dressing proportionality factor
that relates M to m is given by (1 + β)−3/4 in terms of the parameter β (which we introduce below).
3 Dispersion relations
Let us focus on the ~k-dependent case, in which the dressed metric is given as a solution of (24). Given
such a metric gµν(~k), we can study the (local) dispersion relation of particles propagating on it, and
we look in particular for apparent (as opposed to fundamental) violations of local Lorentz symmetry.
To do this, we first need to choose a classical observer with respect to which local quantities (i.e., the
energy E and the momentum ~P of the particle) are to be computed. If an observer is described herself
by a particle in such a spacetime, it is reasonable to consider that it will satisfy the low-energy condition
ki/m 1 for all i. In this case, we can simplify equation (24) to
po1p
o
2p
o
3 =
〈 ̂H−1o p1p2p3〉
〈Ĥ−1o 〉
(29)
where
γi(ki) :=
〈Ĥ−1o p2i 〉
〈Ĥ−1o 〉
k2i +
〈 ̂H−1o p1p2p3〉
3〈Ĥ−1o 〉
m2 (23)
It turns out that the solutions to such system are not analytic in ki’s at the 0 point (See Appendix A for proof). However,
for technical reasons we prefer dealing with effective scale factors that are analytic in the ki’s at low energies, therefore
this option is discarded.
5
We have used the superscript “o” because this is a low-energy expansion of the real solution(s) to (24).
In other words, we have in general
pi(~k) = p
o
i +O(
~k/m) (30)
Now, suppose a particle of wavevector kµ crosses the laboratory of the classical observer. The observer
is characterized by its 4-velocity uµ and its local spatial frame eµi (i = 1, 2, 3 labels the three spatial
vectors used as reference system). If, for simplicity, we consider an orthonormal frame goµνe
µ
i e
ν
j = δij ,
then from goµνu
µuν = −1, goµνuµeνi = 0 we find the coordinate expressions
uµ = (1/No,~0), eµ1 = (0, 1/a
o
1, 0, 0), e
µ
2 = (0, 0, 1/a
o
2, 0), e
µ
3 = (0, 0, 0, 1/a
o
3) (31)
Hence, the energy and momentum of the k-particle as measured by the observer are
E := uµkµ =
k0
No
, Pi := e
µ
i kµ =
ki
aoi
(32)
Our purpose is now to write the dispersion relation for the particle of wavevector kµ in terms of the
physical quantities E and Pi. Since it satisfies the mass-shell condition wrt the metric gµν(~k), we have
−m2 = gµν(~k)kµkν = − k
2
0
N2
+
∑
i
k2i
a2i
= −f2
(
k0
No
)2
+ g2
∑
i
(
ki
aoi
)2
=
= −f2E2 + g2P 2 (33)
where P 2 = δijPiPj and we defined
f2 :=
(
No
N
)2
, g2 :=
∑
i
(
ki
ai
)2
∑
j
(
kj
aoj
)2 (34)
Note that g can be rewritten using the relation (20), which is valid also for No in terms of poi :
g2 =
(
No
N
)2(
N
No
)2 ∑i(kiai
)2
∑
j
(
kj
aoj
)2 = f2 p1p2p3po1po2po3
∑
i
(
ki
ai
)2
∑
j
(
kj
aoj
)2 = f2 ∑i(piki)2∑
j(p
o
jkj)
2
(35)
Inverting the mass-shell for E2 we then obtain
E2 =
1
f2
(
m2 + g2P 2
)
=
p1p2p3
po1p
o
2p
o
3
m2 + P 2
∑
i(piki)
2∑
j(p
o
jkj)
2
(36)
Now, using equation (24) we can replace the term proportional to m2:
E2 =
1
po1p
o
2p
o
3
(
γ(~k)−
∑
i
p2i k
2
i
)
+ P 2
∑
i(piki)
2∑
j(p
o
jkj)
2
=
=
1
po1p
o
2p
o
3
(
γ(~k)−
∑
i
p2i k
2
i
)
+
1
po1p
o
2p
o
3
∑
i
(piki)
2 =
=
〈Ĥ−1o 〉
〈 ̂H−1o p1p2p3〉
γ(~k) (37)
6
where in the second step we used the expression P 2 =
∑
i(ki/a
o
i )
2 =
∑
i(p
o
i ki)
2/po1p
o
2p
o
3, and in the last
step we replaced po1p
o
2p
o
3 with the expectation values according to (29). Writing out explicitly γ(
~k) we
finally find the surprisingly simple dispersion relation
E2 = m2 +
∑
i
〈Ĥ−1o p2i 〉
〈 ̂H−1o p1p2p3〉
k2i (38)
To be rigorous, one should write it in terms of physical momentum Pi rather than the wavevector ki.
Recalling that Pi = ki/a
o
i = kip
o
i /
√
po1p
o
2p
o
3, we thus get
E2 = m2 +
1
〈Ĥ−1o 〉
∑
i
〈Ĥ−1o p2i 〉
(poi )
2
P 2i = m
2 + P 2 +
∑
i
 〈Ĥ−1o p2i 〉
〈Ĥ−1o 〉(poi )2
− 1
P 2i =
= m2 + P 2 +
∑
i
βiP
2
i (39)
where in the second step added and subtracted P 2 so as to bring out the Lorentz-invariant part, m2 +P 2,
and the correction to it, which is controlled by the three parameters
βi :=
〈Ĥ−1o p2i 〉
〈Ĥ−1o 〉(poi )2
− 1 (40)
This expression is not yet satisfactory, because it still involves poi while we would like to see only expec-
tation values of gravitational operators. Since poi is the low-energy limit of the exact solution pi(
~k), the
product po1p
o
2p
o
3 has to satisfy equation (24) in the k  m limit, i.e., equation (29). This equation is ob-
viously not enough to determine uniquely the unknowns poi ’s. However, based on reasonable arguments,
we can narrow down the range of possible solutions poi . The reasoning goes as follows: by definition the
poi ’s do not depend on the ki’s, they can depend only on the expectation values involved in (25). Let us
introduce the quantities ω0 and ωi
ω0 :=
〈 ̂H−1o p1p2p3〉
〈Ĥ−1o 〉
, ωi :=
〈Ĥ−1o p2i 〉
〈Ĥ−1o 〉
(41)
Then we have
poi = p
o
i (ω0, ω1, ω2, ω3) (42)
Let us now invoke three arguments that impose certain symmetries on the poi ’s:
a) Since ω0 is a symmetric quantity with respect to the directions of anisotropy, it is reasonable to
assume that the dependence of the three poi ’s on ω0 is exactly the same.
b) The functions poi ’s are not expected to differ from each other beyond a simple permutation of the
arguments ωj ’s (for j 6= i), therefore we can write
po1 = F (ω0, ω1, ω2, ω3), p
o
2 = F (ω0, ω2, ω3, ω1), p
o
3 = F (ω0, ω3, ω1, ω2) (43)
where F is so far an arbitrary positive function.
c) Each function poi should be symmetric with respect to the remaining ωj , ωk (for j 6= i 6= k).
These conditions do not select a unique form of the poi ’s; they however imply that, if we assume p
o
i to
depend on one of the ωj ’s, then p
o
i must depend on all ωj ’s (otherwise equation (29) cannot be satisfied).
Therefore we can distinguish two classes of solutions {poi }: the first class contains solutions that depend
only on ω0, the second class contains solutions that depend on all ωj ’s. It turns out that, by means of
condition a), there is only one solution of the first class:
po1 = p
o
2 = p
o
3 = ω
1
3
0 (44)
7
Plugging this into (40), we find that the Lorentz-deformation parameters are
βi = ω
− 23
0 ωi − 1 =
〈Ĥ−1o p2i 〉
〈 ̂H−1o p1p2p3〉 23 〈Ĥ−1o 〉 13
− 1 (45)
Interestingly, for this class of dressed metrics the deformation in direction i, βiP
2
i , depends only on
ω0 and the corresponding ωi. However, this solution has a major problem: it does not reproduce the
Lorentz-invariant dispersion relation in the “classical gravity” limit, and hence it is inconsistent with
General Relativity. Indeed, if we replace the expectation value of product of operators with the product
of expectation values, the parameters βi reduce to
βi ≈ 〈Ĥ
−1
o 〉〈pˆi〉2
〈Ĥ−1o 〉 23 〈pˆ1〉 23 〈pˆ2〉 23 〈pˆ3〉 23 〈Ĥ−1o 〉 13
− 1 = 〈pˆi〉
2
〈pˆ1〉 23 〈pˆ2〉 23 〈pˆ3〉 23
− 1 (46)
which do not vanish in general (unless the semiclassical state of geometry is isotropic, in which case all
three expectation values 〈pˆi〉 coincide).
We conclude that such solution is not acceptable, and look for solutions in the second class, that is,
where each poi depends on all ωj ’s. Making use of the symmetry arguments and an analyticity condition,
we can surprisingly derive a unique4, physically acceptable, and rather simple expression for the poi ’s:
po1 = ω
1
3
0 ω
1
3
1 (ω2ω3)
− 16 , po2 = ω
1
3
0 ω
1
3
2 (ω3ω1)
− 16 , po3 = ω
1
3
0 ω
1
3
3 (ω1ω2)
− 16 (47)
It is then easy to see that the three parameters βi’s are in this case equal: the dispersion relation for
particles of wave vector kµ propagating on quantum Bianchi I spacetime is therefore given by
E2 = m2 + (1 + β)P 2 (48)
where
β =
〈Ĥ−1o p21〉
1
3 〈Ĥ−1o p22〉
1
3 〈Ĥ−1o p23〉
1
3
〈 ̂H−1o p1p2p3〉 23 〈Ĥ−1o 〉 13
− 1 (49)
While β does depend on quantum anisotropies (via the expectation values of Ĥ−1o p2i , which may be
different for different directions i’s), it is a unique parameter and hence deforms the dispersion relation
in an isotropic fashion. This is rather surprising, considering that our general analysis involved three (in
principle different) deformation parameters βi.
It is also easy to check consistency with the isotropic case studied in [1]. First, assuming that the scale
factors operators aˆi’s commute with each other, the operators pˆi are then defined as
pˆ1 := aˆ2aˆ3, pˆ2 := aˆ1aˆ3, pˆ3 := aˆ1aˆ2 . (50)
Following a certain choice of symmetric ordering
∀f ∈ C∞+ , ̂H−1o f(ai) :=
√
f(aˆi)Hˆ
−1
o
√
f(aˆi) , (51)
we evaluate β on a state Ψo satisfying the condition
aˆ1Ψo = aˆ2Ψo = aˆ3Ψo , (52)
which is our choice to define an isotropic state in the Hilbert space HG of Bianchi I geometries5. Using
the fact that the operators aˆi commute with each other, we immediately find that β can be written in
terms of a single scale factor operator, say aˆ := aˆ1. The explicit form is
β =
〈Ĥ−1o a4〉
〈Ĥ−1o a6〉 23 〈Ĥ−1o 〉 13
− 1 (53)
4For the details of the conditions and the proof of uniqueness, see appendix B.
5The consistency between the anisotropic and isotropic cases for β can be achieved through a weaker definition of
quantum isotropy.
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Figure 1: Speed v = v(P ) of different modes of the massive field. Red = semiclassical spacetime (β ≈ 0); Blue = quantum
spacetime (β ≈ 0.2). The dashed lines represent the speed of light in the two cases.
This coincides with the deformation parameter computed in [1] for a state in the Hilbert space of FLRW
geometries. Therefore, all results found there pass to the Bianchi I case. In particular, we can use the
deformed dispersion relation to compute the speed of propagation of modes of the scalar field, and see
how this depends on the (modulus) of momentum (see Figure 1). Notice that, for β ∼ 1 (a highly non-
classical situation) the speed of massive particles approaches but never exceeds the (deformed) speed of
light (which is greater or less than 1 depending on the sign of β). On the other hand, for β  1 (a
semiclassical situation) the plot coincides with the classical one.
4 Evaluation of β in isotropic LQC
Considering the importance of the parameter β in controlling the deformation of the dispersion relation,
we here give an estimation for its value in the context of isotropic loop quantum cosmology (LQC)
[16, 17]. Let us first recall that, in LQC, the volume operator Vˆ is well-defined and has continuous
positive spectrum, R+. In light of the evolution dictated by the quantum Hamiltonian Hˆo, however, one
usually restricts to a superselected sector given by a lattice L ⊂ R+. Then, the most general state will
be a linear superposition of volume-eigenstates |v〉, where only values v ∈ L appear. However, as we are
interested in evaluating β today, we shall consider a Gaussian state peaked on large volume, vo, with
width s. Given that the Gaussian-like coefficient e− ln(v/vo)
2/4s2 (the gaussianity is in u := ln(v) rather
than v itself, since we recall that v is positive) changes by e− ln(v/vo)/2vs
2 − 1 ≈ − ln(v/vo)/2vs2 when
we move from the component v to the component v + 1 (for large v), we can effectively replace the sum
over finite steps with an integral over all R+. Thus, in the end our semiclassical state is of the form
|Ψvo〉 =
1
N
∫ ∞
0
dv e− ln(v/vo)
2/4s2 |v〉 (54)
where N is the normalization constant. It is immediate to check that, for s small enough, this state is
indeed peaked on vo with relative dispersion given by s itself:
〈Ψvo |Vˆ |Ψvo〉 = voe3s
2/2 ≈ vo, δV :=
√
〈Ψvo |Vˆ 2|Ψvo〉
〈Ψvo |Vˆ |Ψvo〉2
− 1 =
√
es2 − 1 ≈ s (55)
Now, in the definition of β there appear powers of aˆ ∼ Vˆ 1/3 and Hˆ−1o . While it should technically be
possible to compute the action of the latter on the states |v〉, the result is certainly not analytic, and
complicates the evaluation of β. For the sake of simplicity, we assume that the factors Hˆ−1o can be pulled
9
out of the expectation values, and evaluated independently.6 Then, one finds
β =
〈Ψvo |Vˆ
4
3 |Ψvo〉
〈Ψvo |Vˆ 2|Ψvo〉 23
− 1 = e−4s2/9 − 1 ≈ −4
9
s2 (56)
Thus, LQC predicts (approximately) a value β ∼ −δV 2 today. The first thing to notice is that this
number is extremely small: recall that the meaning of dispersion δV is to characterize the semiclassicality
of state Ψvo : the smaller this quantity, the more classical the state is. But today we live in an extremely
classical universe, so we should consider the value of δV to be very small. Consequently, the value of
β is quadratically small: this is consistent with the experimental observations that Lorentz-symmetry
is unbroken, even when observing extremely high-energetic particles (such as GRB). The second thing
to notice is the sign of the parameter: it is negative. Based on the discussion of [9], this means that
high-energy quanta of the scalar field approach a dressed speed of light which is lower than the bare one
(at which gravitons supposedly move). Hence – while this remains an apparent Lorentz-violating effect –
detection is unlikely. In fact, strong experimental bounds exist for particles moving faster than gravitons
(based on Cerenkov radiation), but not much can be said for particles moving slower than gravitons.
According to [9], the current bounds for this case are |β| . 10−2, giving δV . 10−1 which fits for a
semiclassicality parameter.
Finally, a note about evolution: one might expect that, while today β is tiny, in the far past (when
the universe was supposedly in a much more “quantum” state) such parameter was large. We do not
have an explicit computation about the time evolution of β (one would have to evaluate it on state
|Ψvo(Φ)〉 := e−iHˆoΦ|Ψvo〉, though as already explained this task cannot be performed analytically due
to the presence of Hˆo), but several LQC numerical computations confirm that Gaussian-like states of
the form considered above remain of this form throughout the evolution. In particular, at primordial
times (i.e., close to the big bounce, which in LQC replaces the Big Bang singularity), the state is simply
|Ψvo(Φ)〉 ≈ |Ψv(Φ)〉, where v satisfies(
v˙
v
)2
= 3κρ
(
1− ρ
ρmax
)
, ρmax ≈ 0.41 ρP , (57)
with the initial condition v0 := v(0). Since the estimation of β in the computation above does not
care about the specific value of vo, we conclude that β remains (approximately) constant – and tiny
– throughout the evolution, and in particular it is so in the primordial past. Of course, this result is
limited to states of the form (54), which are in no way unique or preferred within the theory.
5 Summary and comments
In this article we presented a construction of effective cosmological models, valid in the test-field approx-
imation, which describe the propagation of a massive quantum scalar field on a quantum anisotropic
cosmological spacetime. The aims were: i) to check the validity and consistency of the approach in-
troduced in [1] in the anisotropic case, ii) to investigate the modification in the dispersion relation for
the scalar field modes in presence of anisotropies and the phenomenology which follows from it, iii) to
establish an estimation of the deformation parameter β in the case of isotropic cosmology and specifically
in the context of loop quantum cosmology.
The construction results in a variety of effective rainbow metrics, in which particles of distinct momenta
propagate on slightly different geometries. The dynamics of each scalar field mode on the corresponding
effective classical spacetime is equivalent to that of the same mode on the fundamental quantum space-
time. Furthermore, despite the fact that the construction does not lead to a unique effective model, the
consistency with the expected semiclassical limit (in addition to imposing certain partial analyticity con-
ditions on the parameters determining such anisotropic models) defines a unique deformation parameter
β in the modified dispersion relation of the modes. As expected, this deformation parameter depends on
the quantum anisotropies; however, the deformation it induces is isotropic, which is surprising since our
6 Another option is to start from a slightly different system altogether. The presence of H−1o is due to the fact that the
Hamiltonian constraint (9) we started with is quadratic in the momentum of our physical clock. If one makes a different
choice of time (e.g., irrotational dust [12, 13, 14]), then such factor would disappear. Alternatively, one may follow [15],
where the authors implement the quadratic constraint as an operator and then reduce it at the quantum level.
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starting point involved three parameters βi. Moreover, we approximately estimated the size of this ap-
parent Lorentz-violation for a semiclassical state of geometry defined in LQC, finding it to be completely
negligible throughout the entire history of the universe.
Finally, it is not clear whether this deformation would be measurable even in principle, as it simply
amounts to a rescaling of the speed of light, and hence – if β is the same for all matter species in the
universe – it would have no physical significance. On the other hand, the situation is different if each
matter type had its own parameter β: for example, in [9] it is suggested that gravitons might travel at
the bare speed of light, in which case one expects (detectable) Cerenkov effect. As of now we cannot
tell for sure, since the only system we explicitly studied is the massive scalar field. Also, while the case
considered here is more general than the one studied in [1], we are still dealing with finitely many degrees
of freedom. It is conceivable that, once the full quantum theory of gravity is taken into account, effective
spacetimes would present a richer phenomenology.
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Appendix A Proof of non-analyticity of the solutions to the
system (22) at the 0 point
We consider the following system
∀i = 1, 2, 3 : p2i k2i +
p1p2p3
3
m2 − γi(ki) = 0 (58)
with
γi(ki) :=
〈Ĥ−1o p2i 〉
〈Ĥ−1o 〉
k2i +
〈 ̂H−1o p1p2p3〉
3〈Ĥ−1o 〉
m2 (59)
Let us assume that the functions pi(k1, k2, k3) are analytic at the point {ki} = 0. This implies that
p2i k
2
i |ki=0 = 0. Let us then investigate the solutions of (58) around 0.
On the one hand, when k1 = 0, (58) reduces to
1
3
p1p2p3 − 〈
̂H−1o p1p2p3〉
3〈Ĥ−1o 〉
= 0
p2(0, k2, k3)
2k22 +
1
3p1p2p3 m
2 − γ2(k2) = 0
p3(0, k2, k3)
2k23 +
1
3p1p2p3 m
2 − γ3(k3) = 0
(60)
This system implies that
p1(0, k2, k3)
2 =
〈 ̂H−1o p1p2p3〉2
〈Ĥ−1o p22〉〈Ĥ−1o p23〉
(61)
One the other hand, when k2 = 0, (58) reduces to
1
3
p1p2p3 − 〈
̂H−1o p1p2p3〉
3〈Ĥ−1o 〉
= 0
p1(k1, 0, k3)
2k21 +
1
3p1p2p3 m
2 − γ1(k1) = 0
p3(k1, 0, k3)
2k23 +
1
3p1p2p3 m
2 − γ3(k3) = 0
(62)
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which implies that
p1(k1, 0, k3)
2 =
〈Ĥ−1o p21〉
〈Ĥ−1o 〉
(63)
Therefore, thanks to the analyticity of p1 at {ki} = 0, from (61) and (63) we obtain
〈Ĥ−1o p21〉
〈Ĥ−1o 〉
= lim
k1→0
p1(k1, 0, k3)
2 = lim
k2→0
p1(0, k2, k3)
2 =
〈 ̂H−1o p1p2p3〉2
〈Ĥ−1o p22〉〈Ĥ−1o p23〉
(64)
which implies that
〈Ĥ−1o p21〉
〈Ĥ−1o 〉
〈Ĥ−1o p22〉
〈Ĥ−1o 〉
〈Ĥ−1o p23〉
〈Ĥ−1o 〉
=
〈 ̂H−1o p1p2p3〉2
〈Ĥ−1o 〉2
(65)
This equation is not verified for a generic state of geometry as we are considering here, thus we showed
that the analyticity of the solutions to the system (58) at the 0 point imposes a non trivial and generally
invalid condition on the state of geometry. Requiring analytic pi’s as functions of the modes kj ’s at point
0 (and hence analytic effective scale factors) forces us to discard the system (58) as a valid approach to
construct effective rainbow metrics.
Appendix B Proof of uniqueness of the physically admissible
solution to (24)
We want to determine the expression of poi ’s in terms of the ωi’s such that
po1p
o
2p
o
3 = ω0 . (66)
We can write
poi = p
o
i (ω0, ω1, ω2, ω3) = ω
1
3
0
poi (ω0, ω1, ω2, ω3)
ω
1
3
0
=: ω
1
3
0 p¯
o
i (ω0, ω1, ω2, ω3) , (67)
where p¯oi is now a dimensionless quantity. We can go further and write
p¯oi (ω0, ω1, ω2, ω3) =: p˜
o
i (x0, x1, . . . ) , (68)
where the variables xα, with α an integer label, are dimensionless and have the form
xα = ω
rα
0 ω
sα
1 ω
pα
2 ω
qα
3 l
2(−3rα−2sα−2pα−2qα)
p , (69)
with rα, sα, pα and qα being arbitrary real numbers and lp Planck length. Notice that we have the
following property
∀ n,m ∈ N, ∀ {iα} ∈ Nn, ∃ xγ :
n+m−1∏
α=m
xiαα = xγ . (70)
Assuming that p˜oi is analytic in the xα’s, then using the symmetry arguments mentioned above and the
property (70), the function (p˜o1)
2 at every point can take the form
(p˜o1)
2 =
∑
α
cα l
2(−3rα−2sα−2pα−2qα)
p [ω
rα
0 ω
sα
1 ω
pα
2 ω
qα
3 + ω
rα
0 ω
sα
1 ω
qα
2 ω
pα
3 ] , (71)
where cα’s are arbitrary real numbers.
Looking at β1, we obtain that in the semiclassical limit (p˜
o
1)
2 must verify
ω
2
3
0 (p˜
o
1)
2 = ω1 , (72)
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which implies that∑
α
cα l
2(−3rα−2sα−2pα−2qα)
p
[
ω
rα+
2
3
0 ω
sα−1
1 ω
pα
2 ω
qα
3 + ω
rα+
2
3
0 ω
−pα−qα− 32 rα−1
1 ω
qα
2 ω
pα
3
]
= 1 , (73)
and hence in each term of the sum with cα 6= 0, the total power (roughly) of each pˆi obtained from all
the ωi’s must vanish. This means that for each α we have
rα +
2
3
+ 2sα − 2 = 0
rα +
2
3
+ 2pα = 0 (74)
rα +
2
3
+ 2qα = 0 ,
and
2
∑
α
cα = 1 . (75)
leading to
sα − 1 = pα = qα = −rα
2
− 1
3
and 2
∑
α
cα = 1 . (76)
Consequently we obtain
(p˜o1)
2 = 2
∑
α
cα ω
− 23−2qα
0 ω
qα+1
1 ω
qα
2 ω
qα
3 (77)
=: ω1G(ω0, ω1, ω2, ω3), (78)
where the Planck length factors disappeared from the expression of p1 as the power of the Planck length
in each of the factors vanishes thanks to the first equation in 76.
Similarly, we get
(p˜o2)
2 = 2
∑
α
cα ω
− 23−2qα
0 ω
qα+1
2 ω
qα
1 ω
qα
3 = ω2G(ω0, ω1, ω2, ω3) (79)
(p˜o3)
2 = 2
∑
α
cα ω
− 23−2qα
0 ω
qα+1
3 ω
qα
1 ω
qα
2 = ω3G(ω0, ω1, ω2, ω3) .
Now, from (66) we have that the p˜oi ’s must verify
(p˜o1)
2(p˜o2)
2(p˜o3)
2 = 1 , (80)
meaning that
ω1ω2ω3 G(ω0, ω1, ω2, ω3)
3 = 1 . (81)
Hence
G(ω0, ω1, ω2, ω3) = (ω1ω2ω3)
− 13 . (82)
It then follows that
(p˜o1)
2 = ω
2
3
1 ω
− 13
2 ω
− 13
3
(p˜o2)
2 = ω
2
3
2 ω
− 13
1 ω
− 13
3 (83)
(p˜o3)
2 = ω
2
3
3 ω
− 13
1 ω
− 13
2 ,
and therefore
po1 = ω
1
3
0 ω
1
3
1 ω
− 16
2 ω
− 16
3
po2 = ω
1
3
0 ω
1
3
2 ω
− 16
1 ω
− 16
3 (84)
po3 = ω
1
3
0 ω
1
3
3 ω
− 16
1 ω
− 16
2 ,
which is the final solution analyzed in section 3.
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